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Experimental Demonstration of Static Shape Control

Daniel Eldred* and David Schaechtert
Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California

The development of large, flexible space structures has carried with it the requirement for precision shape
control—for example, maintaining the paraboloid shape of a communications antenna against the effects of
thermal deformation and construction errors. Mathematically, the problem can be stated as follows: given a set
of discrete sensors and actuators, select the control law which produces the "best" (in an rms sense) continuous
shape as compared to some desired shape. The solution to the static shape control problem has been developed
previously. This paper describes the results of a microprocessor-controlled implementation of static shape
control using a flexible beam experiment.

Introduction

W ITH the introduction of the Space Shuttle, larger and
much more complex spacecraft (perhaps a better term

is space structures) will be deployed into space. These
missions will include large antennas for communication,
astronomy, and radiometry; large platforms for multiple
experiments; solar arrays; and perhaps even large sails for
propulsion. Some of the features that these missions have in
common include: 1) the structures may be accurately
represented by continuum models, 2) static shape control of
the continuous structures is required, and 3) distributed
sensing and actuation will perform the shape control.

The mathematical theory of the optimal control of the
shape of a continuous structure using a finite number of
sensors and actuators has been developed1 and yields an
analytical solution. Using a Green's function approach, the
continuous nature of the structure, the boundary conditions,
and the discrete nature of the sensors and actuators are all
handled together naturally. The existence of an analytical
solution lays to rest any question about the effects of using a
truncated model for control system design; however, from a
practical standpoint, the actual computations are performed
numerically, using a finite-element model of the structure.

The theory is made complete with experimental
verification. To this end, a test facility has been constructed to
demonstrate and verify various control functions associated
with the static and dynamic control of large flexible space
structures. In particular, this paper presents the results of a
static shape control implementation on a flexible beam
facility.

Derivation of the Optimal Control
Following Ref. 1, assume that the static equilibrium of an

elastic, continuous structure, defined over some region fi and
subject to an applied force /, is given in terms of the linear
differential operator L,

Ly=f (1)

where y (x) is the deflection of the structure at each point x£Q.
Furthermore, assume that boundary conditions are applied to
y on the boundary F of Q, such that

By(T)=0 (2)
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The optimal control problem consists of finding the control
/which minimizes the following quadratic performance index

(3)

subject to the constraints of Eqs. (1) and (2). Here, yd (x) is
the desired shape. q(x) is a weighting function which reflects
the variable cost of shape error over ft and should be positive
for Eq. (3) to be meaningful.

The deflection which satisfies Eqs. (1) and (2) can be
written in terms of the applied force f ( x ) , using the Green's
function g(x,£) for the operator (L,B). In this case,

y ( x ) =\Jfi (4)

and, in the case of a finite number m of discrete concentated
forcesF(x/),

y(x)=

Substituting Eq. (5) into Eq. (3) yields,

/
J= -

= J/2(FTAF-2BF+C)

where

F=iF(Xl)F(x2)...F(xm)]T

Aij=\ g ( x ) x i ) g ( x f x j ) q ( x ) d x
J 12

C= ( y2
d(x)q(x)dx

J 17

(5)

(6)

(7)

(8)

(9)

(10)

(11)

Here, A is a m x m matrix, F and B are w-dimensional vec-
tors, and C is a scalar.

The necessary condition for F to minimize J is that
67(F)=0 for an arbitrary variation dF. Carrying out the
variation, the following result obtains,

SJ=5FT(AF-B)=0 (12)
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Thus the optimal control F* is given by The optimal force estimate F is of the form

(13)

It is interesting to note that the absence of control weighting
in Eq. (3) does not result in an unbounded control, since the
convexity of the cost functional in F guarantees existence of a
minimal solution. Strictly speaking, from a mathematical
point of view, A ~1 is not guaranteed to exist; in that case, the
pseudoinverse can be used. A singular matrix A would result
from the Green's functions #(*,*/), /= l,...,/w being linearly
dependent; this would be the case if actuators were placed at a
structural node [g(xtxt•) = 0] or were redundant
[g(x,xf) = g(x,Xj) ] . In practice, A is invertible (but
frequently poorly conditioned) if the actuator locations are
sensibly chosen.

Derivation of the Optimal Estimate
The estimation problem consists of finding the most likely

shape of the structure, given a set of noisy measurements and
perturbing forces which may be due to external influences or
uncertainties in the control outputs. Considering the latter
case, the measurement and control processes can be modeled
as

F=U+W

(14)

(15)

Here, Z/ is the measurement at position x=xiy Yt the
corresponding actual displacement, and F/ the measurement
error. Similarly, F, is the actual control output at x=xit £7 the
commanded control, and W{ the process noise.

With covariance matrices Q and R defined by

Q = E(VVT) (16)

R=E(WWT) (17)

the quadratic cost functional for shape estimation becomes,

J= 1A (Z- Y) TQ~1 (Z- Y) + '/2 (F- U) TR~1 (F- U) (18)

subject to the constraint of Eq. (5), which can be rewritten as

Y=GF (19)

G is the matrix whose coefficients,

j ) (20)

give the Green's function or influence coefficients relating
forces and corresponding displacements.

Adjoining Eq. (19) to Eq. (18) and using the method of
Lagrangian multipliers, the cost functional without con-
straints becomes

/= 7/2 (Z- Y) TQ~l (Z- Y) + l/2 (F- U) TR~1 (F- U)

(21)

Minimization of Eq. (21) is straightforward and yields the
optimal position estimate y (x) ,

y(x)= (22)

where

F=U+ (R-1 +GTQ~]G) -]GTQ~1 (Z-GU) (23)

(24)

where $ and ̂  are constant matrices. Equation (24) is useful
for the implementation of static shape control with feedback,
as discussed below.

Finite-Element Models
The Green's function g(x,£) is required for derivation of

the optimal control [Eq. (13)] and the optimal estimate [Eq.
(22)]. Unfortunately, an analytic solution is rarely possible,
except in the case of a structure that has a particularly simple
configuration. In practice, one deals with the finite-element
model of the structure instead of a differential equation
model, using more elements if more accuracy is desired.

The finite-element method, based on Raleigh-Ritz
minimization, yields a discretized model with displacements
and/or slopes at nodal points specified as coordinates or
degrees of freedom. The displacement between two nodal
points is given by an interpolation function (which depends on
the nodal coordinates). From this and the partial differential
equation for the structure, expressions for the kinetic and
potential energies in terms of the nodal coordinates can be
derived, which in turn define mass and stiffness matrices for a
given finite element. The corresponding overall mass and
stiffness matrices for the structure can be obtained as an
assemblage of elemental matrices.

The inverse of the (overall) stiffness matrix, the compliance
matrix, gives influence coefficients for the structure. That is,
the ( / j) t h component of the compliance matrix gives the
displacement at position xt due to a unit force applied at Xj.
But this is precisely the definition of the Green's function
evaluated at these two points. Summarizing, the Green's
function can be evaluated at discrete, nodal points by ob-
taining and inverting the finite-element stiffness matrix. The
required integrals in Eqs. (9) and (10) can then be evaluated
using Simpson's rule or some similar numerical integration
scheme.

The only approximation in the finite-element method lies in
the choice of interpolation functions. For dynamic analysis, it
is impossible to know a priori what the correct interpolation
functions are because they are time varying; but for the static
case, the exact interpolation function satisfies the time in-
variant differential equation subject to the boundary con-
ditions imposed by the nodal coordinates. If exact in-
terpolation functions are used, the resulting stiffness matrix is
exact. Cubic splines are generally used for simplicity; but,
even if an analytical solution to the differential equation is not
known, a series solution can be used to approximate the exact
interpolation function for an element if precise determination
of Green's functions is required.

An alternative approach toward evaluating Green's func-
tions is to express them as eigenvector expansions.1 This
approach requires a detailed modal model of the system
(obtained from the finite-element model) and is not used here.

The Flexible Beam Facility
The flexible beam facility was constructed to demonstrate

and verify various facets of control technology for large,
flexible structures, including active shape control and active
dynamic control.

The experiment consists of a 12/2 ft. x 6 in. x 1/32 in. sheet
metal beam which hangs from a supporting tower (see Fig. 1).
Four sensor/actuator mounting brackets are positioned along
the length of the tower (Fig. 2). Either a sensor or an actuator,
or both, can be attached to a mounting bracket. Four eddy
current sensors are used to provide the position at various
points along the beam with an accuracy of about 3/1000 in.
Stainless steel was chosen as the beam material so as to avoid
any unwanted magnetic interaction with the sensors, which
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Fig. 1 Beam support structure.

EXPERIMENTAL BEAM

Fig. 2 Sensor/actuator mounting bracket.

are held in place with Lucite clamps. Three brushless dc
motors are used for actuation and can be attached to the beam
at 6 in. intervals via specially made linkages.

A 6502-based microprocessor is used to close the control
loop by sampling the sensors and computing the correct
commands to be sent to the actuators. The microcomputer
features an advanced monitor, an editor/assembler, and
BASIC, as well as the necessary analog/digital and digital/
analog converters required for sensing and control output.
Commonly used machine-language subroutines are stored in
erasable, programmable read-only memories (EPROM) and
programs and data are stored on cassette tape, using an
inexpensive audio cassette recorder. An effort has been made
to create a "friendly" interactive system; to this end, all
programming is done in a combination of languages: BASIC
to handle the user interface and to perform various
calculations and initializations, and 6502 machine language
for the time-critical tasks.

The relevant beam parameters are summarized in Table 1.
The reader is referred to Ref. 2 for a more detailed description
of the experiment, particularly for the dynamic control ap-
plications. It should be mentioned that the values in Table 1
are based on experimental results rather than tabulated
values; for example, the stiffness of the beam El was
evaluated from an experiment that directly yielded the force-
deflection relationship of the beam.3

Analysis of the Beam
The Green's function for the beam is required for

calculation of the optimal control [Eq. (13)] and the optimal
estimate [Eq. (23)]. An analytical approach to the solution of
the Green's function requires solving the partial differential

Variable

Table 1 Beam parameters

Value Description

P
El

149.875m.
0.6444 Ib/ft

424.352 lb-in.2

Beam length
Linear density
Beam stiffness

equation for the static shapey(x),

d2 / d2y\ d / dy\
—j (EI-^ ) - - (pg(e-x) ~ ) =/(*)
dx2 \ dx2 / dx \ dx/

with boundary conditions,

d2 y d2y d3y

(25)

(26)

(27)

(28)

whose solution can be expanded about z = z0 in a Taylor
series,

y ( z ) = a0<t>0 (z) +«/«; (z) + ot2<t>2 (z) + <*3<l>3 (z) (29)

where

The following change of variables,

z=(py/ElYA(t-x)

considerably simplifies the homogeneous equation,

d4y d / dy\

(z~4
z,o)

<t>3(z) =

21 u 41

(z-z0)3 , (z-z0)5

3! 5!
(30)

The recursion relation relating coefficients of (z — Z0)n is
given by

nan

(n + 2 ) ( n

(31)

The series solution [Eq. (29)] to the homogeneous equation
was used as the interpolation function for derivation of the
finite-element stiffness matrix. The resulting Green's function
matrix, obtained by inversion of the stiffness matrix, gives the
influence coefficients at nodal points that are essentially
exact. In practice, a 20 element model, which specifies as
coordinates the displacement and slope at each nodal point,
has proved to be satisfactory for both static and dynamic
analysis.

Verification of the finite-element model was accomplished
by computing the eigenvalues of the dynamic system and

Table 2 Normal mode frequencies, Hz

n

0
1
2
3
4
5

10 divisions

0.308
0.755
1.38
2.21
3.25
4.51

20 divisions

0.308
0.755
1.38
2.21
3.24
4.47

Experimental

-0.34
0.75
1.37
2.15
3.16
4.38
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comparing them with the experimentally determined normal
mode frequencies. The results are summarized in Table 2.

The coefficients Afj and Bt in Eq. (13) were determined
from a straightforward application of Simpson's rule for
numerical integration.

Demonstration of Shape Control
Two desired shapes yd-(x) were chosen for demonstration

of shape control,

/ 2x x2

Shape I: yd (x) = 1/2( — - — ) in.

Shape II: yd(v) = 1/2( — -
4x2

in.

(32)

(33)

Shape I consists of a parabola with its vertex located at the
bottom end of the beam and shape II is a parabola which is
symmetric about the middle of the beam.

The optimal control F* is given by Eq. (13),

F*=A~*B
For the flexible beam, the analysis outlined above yields

A =

625

380

241

380

252

167

241

167

115

in.-s4/slug2 (34)

and

101.8

69.9

47.9

67.8

55.1

42.4

in.2 -s2/slug (35)

in.2 -s/slug (36)

£j and Bu refer to the B vectors for shapes I and II. The
corresponding optimal controls are given by

0.0213

-0.0267

0.4093

-0.0919

-0.3326

1.0413

slug-in./s2 (37)

slug-in./s2 (38)

With the covariances given by

e = 6.25xlO~ 6 in . 2 (39)

# = 2.2xlO-4 in.2slug2 /s4 (40)

the optimal estimate using all four sensors and three actuators

\\ /DESIRED

0 0.5
DISPLACEMENT, in.

0 0.5
DISPLACEMENT, in.

Fig. 3 Open and closed loop shape control.

SHAPE I SHAPED

0.230- 0.800

0.700

0.600

0.500

0 1 2 3
NUMBER OF SENSORS

0 1 2 3 4
NUMBER OF SENSORS

Fig. 4 Effect of sensors on control performance.

is given by

y ( x ) = (41)

where F is determined from

0.368 -0.413 -0.004

-0.420 1.66 -0.898

0.021 -1.14 1.610

0.012 -0.042 0.032

-0.042 0.218 -0.219

0.033 -0.219 0.252

0.038

-0.603

0.907
Z4

U2

(42)

The displacements resulting from shape control are shown
in Fig. 3 for the two chosen desired shape functions.
Assuming zero initial displacement of the beam, the control
forces given by Eqs. (37) and (38) result in the shapes labeled
"open loop." The relatively large biases are primarily due to
hysteresis torque in the actuators. Recall that the analysis
assumed that the process noise was Gaussian with zero mean.
For an ensemble of shape control experiments, this might be
the case, but for one given shape control experiment, the
hysteresis torque comes in as a constant bias. Clearly an
iterative control scheme is needed.

The shapes labeled "closed loop" in Fig. 3 are the result of
using feedback to further improve the controlled shape. One
iteration of the control loop consists of the following steps:
the sensors are sampled, an estimate of the actuator forces is
obtained using Eq. (42), and finally new control outputs are
obtained based on the difference between the optimal outputs
and.the estimate of the actual outputs. The feedback loop is
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completed by repeatedly iterating this control loop, allowing
any vibrations in the beam to die out between successive
applications of control. The process is repeated until no
further change in the shape is observed (usually two or three
iterations).

The feedback scheme depends on using the sensor
measurements for estimation prior to each control force
computation. It is natural to ask the question of how many
sensors are required to do a "good" control job. Therefore,
the rms error in the shape (i.e., the difference between the
desired and actual shapes) is shown in Fig. 4 as a function of
the number of sensors used in the control loop. These results
show that the addition of more than one or two sensors to the
control loop does little to improve performance. It can be
reasonably asserted that few sensors are required if the system
model is initially "good," and that more are required for
feedback if modeling errors exist.

Conclusions
This paper documents the implementation of static shape

control on a flexible beam experiment. Demonstration of the
static shape control required the integration of many diverse
activities, including development of shape control algorithms,
adaptation of the algorithms for use with finite-element
models, construction of the flexible beam, characterization

and calibration of the facility, development of the finite-
element model for the beam, and the development of com-
puter hardware and software.

It was shown that open-loop control yields poor results as
compared to feedback control. Furthermore, performance is
not significantly improved by the use of more than two
sensors in the control loop. The latter property can be of great
importance to the control analyst who must choose how many
sensors to use.
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